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Partial actions of groups on semigroups

Definition

A partial action of a group G on a semigroup S
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Partial actions of groups on semigroups

Definition

A partial action of a group G on a semigroup S is a partial action of G on
the set S, whose domains D, are ideals of S, and the partial bijections
Ox : Dy—1 — Dy are isomorphisms of semigroups.
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Partial actions of groups on semigroups

Definition

A partial action of a group G on a semigroup S is a partial action of G on
the set S, whose domains D, are ideals of S, and the partial bijections
Ox : Dy—1 — Dy are isomorphisms of semigroups.

v

If S is a monoid, then it is reasonable to assume that each ideal Dy is also
a monoid (i.e. generated by a central idempotent 1,).
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Partial actions of groups on semigroups

Definition

A partial action of a group G on a semigroup S is a partial action of G on
the set S, whose domains D, are ideals of S, and the partial bijections
Ox : Dy—1 — Dy are isomorphisms of semigroups.

Definition
If S is a monoid, then it is reasonable to assume that each ideal Dy is also

a monoid (i.e. generated by a central idempotent 1,). In this situation we
say that 6 is unital.

| A\
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Partial actions of groups on semigroups

Definition
A partial action of a group G on a semigroup S is a partial action of G on

the set S, whose domains Dy are ideals of S, and the partial bijections
Ox : Dy—1 — Dy are isomorphisms of semigroups.

Definition
If S is a monoid, then it is reasonable to assume that each ideal D, is also

a monoid (i.e. generated by a central idempotent 1,). In this situation we
say that @ is unital.

| A\

v

Definition

A morphism of partial actions (unital partial actions) ¢ : (S,6) — (5',6')
of G on semigroups (monoids)
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Partial actions of groups on semigroups

Definition

A partial action of a group G on a semigroup S is a partial action of G on
the set S, whose domains Dy are ideals of S, and the partial bijections

Ox : Dy—1 — Dy are isomorphisms of semigroups.

Definition
If S is a monoid, then it is reasonable to assume that each ideal D, is also

a monoid (i.e. generated by a central idempotent 1,). In this situation we
say that @ is unital.

| A\

v

Definition

A morphism of partial actions (unital partial actions) ¢ : (S,6) — (5',6')
of G on semigroups (monoids) is a morphism of partial actions of G on
the sets, whose restriction on each Dy is a homomorphism of semigroups
(monoids) Dy — D..
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Partial G-modules

@ G is a group.
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Partial G-modules

@ G is a group.

Definition (Dokuchaev-Khrypchenko, 2013)

A partial G-module
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Partial G-modules

@ G is a group.

Definition (Dokuchaev-Khrypchenko, 2013)

A partial G-module is a commutative monoid A with a unital partial
action 6 of G on A.
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Partial G-modules

@ G is a group.

Definition (Dokuchaev-Khrypchenko, 2013)
A partial G-module is a commutative monoid A with a unital partial
action 6 of G on A.

The category of partial G-modules with morphisms of unital partial actions
between them is denoted by pMod(G).
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M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions



Partial G-modules

@ G is a group.

Definition (Dokuchaev-Khrypchenko, 2013)
A partial G-module is a commutative monoid A with a unital partial
action 6 of G on A.

The category of partial G-modules with morphisms of unital partial actions
between them is denoted by pMod(G).

The category pMod(G) is not abelian in general,
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Partial G-modules

@ G is a group.

Definition (Dokuchaev-Khrypchenko, 2013)
A partial G-module is a commutative monoid A with a unital partial
action 6 of G on A.

The category of partial G-modules with morphisms of unital partial actions
between them is denoted by pMod(G).

The category pMod(G) is not abelian in general, because Hom(A, A") = ()
for some A, A" € pMod(G).
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Partial G-modules

@ G is a group.

Definition (Dokuchaev-Khrypchenko, 2013)
A partial G-module is a commutative monoid A with a unital partial
action 6 of G on A.

The category of partial G-modules with morphisms of unital partial actions
between them is denoted by pMod(G).

The category pMod(G) is not abelian in general, because Hom(A, A’) =
for some A, A" € pMod(G). For example, this happens when 1, =1, in A,
but 1} # 1}, in A’ for some x,y € G.
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partial n-cochains

e (A 0) € pMod(G);

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 4 /24



partial n-cochains

e (A 0) € pMod(G);

° 1(x1,l..,x,,) = 1x1 1X1X2 cee ]-xl...x,,;
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partial n-cochains

e (A,0) € pMod(G);
° 1(x1,l..,x,,) = 1x1 1X1X2 cee ]-xl...x,,;
@ U(I) denotes the group of units of an ideal /.
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partial n-cochains

e (A,0) € pMod(G);
° 1(x1,...,x,,) = 1x1 1X1X2 cee 1X]_...Xn;
@ U(I) denotes the group of units of an ideal /.

Definition

For n > 0 a partial n-cochain of G with values in A
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partial n-cochains

e (A,0) € pMod(G);
° 1(x1,...,x,,) = 1x1 1X1X2 cee 1X]_...Xn;
@ U(I) denotes the group of units of an ideal /.

Definition

For n > 0 a partial n-cochain of G with values in A is a function
f:G" — A, such that f(xi,...,X) € UL, x)A)-
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partial n-cochains

e (A,0) € pMod(G);
° 1(x1,...,x,,) = 1x1 1X1X2 cee 1X]_.‘.Xn;
@ U(I) denotes the group of units of an ideal /.

Definition

For n > 0 a partial n-cochain of G with values in A is a function
f:G" — A, such that f(x1,...,x;) € U(1(y,. . x,)A). By a partial
0-cochain we shall mean an invertible element of A.
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partial n-cochains

e (A,0) € pMod(G);
° 1(x1,...,x,,) = 1x1 1X1X2 cee 1X]_.‘.Xn;
@ U(I) denotes the group of units of an ideal /.

Definition

For n > 0 a partial n-cochain of G with values in A is a function
f:G" — A, such that f(x1,...,x;) € U(1(y,. . x,)A). By a partial
0-cochain we shall mean an invertible element of A.

Denote the set of partial n-cochains by C"(G, A).
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partial n-cochains

e (A,0) € pMod(G);
° 1(x1,...,x,,) = 1x1 1X1X2 cee 1X]_.‘.Xn;
@ U(I) denotes the group of units of an ideal /.

Definition

For n > 0 a partial n-cochain of G with values in A is a function
f:G" — A, such that f(x1,...,x;) € U(1(y,. . x,)A). By a partial
0-cochain we shall mean an invertible element of A.

Denote the set of partial n-cochains by C"(G, A). It is an abelian group
under pointwise multiplication.
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Coboundary homomorphism
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Coboundary homomorphism

Forn>0, f € C"(G,A) and x1,...,xp1+1 € G define
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Coboundary homomorphism

Forn>0, f € C"(G,A) and x1,...,xp1+1 € G define

(5nf)(xl7 0o aXn+1) = exl(lel f(XQ, ce ,Xn+1))
n
H F(Xty- oy XiXip1s - oy Xg1) T
i=1

f(x,... ,xn)(_l)n+1,

the inverse elements being taken in the corresponding ideals.
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Coboundary homomorphism

Forn>0, f € C"(G,A) and x1,...,xp1+1 € G define

(5nf)(X17 0o aXn+1) = exl(lel f(XQ, ce ,Xn+1))

n

—1)/
H f(X17 cey XiXjig 1y .o >Xn+1)( )
i=1

f(x,... ,xn)(_l)n+1,

the inverse elements being taken in the corresponding ideals. If
a€ CY%G,A) =U(A), we set (0°a)(x) = Ox(1,-1a)a L.
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Coboundary homomorphism

Forn>0, f € C"(G,A) and x1,...,xp1+1 € G define

(5nf)(xlv °oo aXn+l) — exl(lel f(Xz, 500 7Xn+1))

n

—1)
H f(X17 cey XiXjig 1y .o >Xn+1)( )
i=1

f(xi,.. xn)(*l)"+1

* )

the inverse elements being taken in the corresponding ideals. If
a€ CY%G,A) =U(A), we set (0°a)(x) = Ox(1,-1a)a L.

Proposition

The map 6" is a homomorphism C"(G,A) — C™1(G, A), such that

v
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Coboundary homomorphism

Forn>0, f € C"(G,A) and x1,...,xp1+1 € G define

(5nf)(xlv °oo aXn+l) — exl(lel f(Xz, 500 7Xn+1))

n

—1)
H f(X17 cey XiXjig 1y .o >Xn+1)( )
i=1

f(x,... ,xn)(*l)n+1

)

the inverse elements being taken in the corresponding ideals. If
a€ CY%G,A) =U(A), we set (0°a)(x) = Ox(1,-1a)a L.

Proposition

The map 6" is a homomorphism C"(G,A) — C™1(G, A), such that
§™16" =0 for all n > 0.

v
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Partial cohomology of G
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism.
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = kerd",
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = ker 6", B"(G,A) = im §" 1
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = ker 6", B"(G,A) = im¢"! and

H"(G,A) =Z"(G,A)/B"(G, A)
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = ker 6", B"(G,A) = im¢"! and

H"(G,A) = Z"(G,A)/B"(G, A) of partial n-cocycles,
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = ker 6", B"(G,A) = im¢"! and

H"(G,A) = Z"(G,A)/B"(G, A) of partial n-cocycles, n-coboundaries
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = ker 6", B"(G,A) = im¢"! and

H"(G,A) = Z"(G,A)/B"(G, A) of partial n-cocycles, n-coboundaries and
n-cohomologies of G with valuesin A, n>1
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Partial cohomology of G

Definition

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = ker 6", B"(G,A) = im¢"! and

H"(G,A) = Z"(G,A)/B"(G, A) of partial n-cocycles, n-coboundaries and
n-cohomologies of G with valuesin A, n>1

(H°(G,A) = Z°(G, A) = ker &Y).
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Partial cohomology of G

The map 0" is called a coboundary homomorphism. We define the abelian
groups Z"(G, A) = ker 6", B"(G,A) = im¢"! and

H"(G,A) = Z"(G,A)/B"(G, A) of partial n-cocycles, n-coboundaries and
n-cohomologies of G with valuesin A, n>1

(H°(G,A) = Z°(G, A) = ker &Y).

Proposition

For any n > 0 the map A+ H"(G, A) is a functor from pMod(G) to the
category Ab of abelian groups.
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Inverse partial G-modules
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Inverse partial G-modules

Let (A,8) € pMod(G).
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Inverse partial G-modules

Let (A,6) € pMod(G). Define A = JU(1,,

... 14, A), the union being
taken over alln > 1 and x1,...,x, € G.
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Inverse partial G-modules

Let (A,6) € pMod(G). Define A= JU(1,, ... 1,,A), the union being

taken over all n > 1 and xq,...,x, € G. Then A is an inverse semigroup,
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Inverse partial G-modules

Let (A,6) € pMod(G). Define A= JU(1,, ... 1,,A), the union being
taken over all n NZ 1 and xq, .
0.(1, 14) = LA,

..,Xn € G. Then A is an inverse semigroup,
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Inverse partial G-modules

Let (A,0) € pMod(G). Define A= JU(1, . .1,,A), the union being
taken over all n > 1 and xq, ..

/€ ,Xn € G. Then A is an inverse sem/group,
0,(1,-1A) = 1A, s0 6 restrlcted to A defines a partial action 6 of G on A.

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 7/ 24



Inverse partial G-modules

Let (A,6) € pMod(G). Define A= JU(1,, - .1,,A), the union being
taken over alln > 1 and x1,...,x, € G. Then A is an inverse sem/group,
0,(1,-1A) = 1A, s0 6 restrlcted to A defines a partial action 6 of G on A.
Moreover, (A, 6) € pMod(G),
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Inverse partial G-modules

Let (A,6) € pMod(G). Define A= JU(1,, - .1,,A), the union being
taken over alln > 1 and x1,...,x, € G. Then A is an inverse sem/group
0,(1,-1A) = 1A, s0 6 restrlcted to A defines a partial action 6 of G on A.
Moreover, (A, f) € pMod(G), E(A) is generated by 1, (x € G)
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Inverse partial G-modules

Proposition

Let (A,6) € pMod(G). Define A= JU(1,, .. .1,,A), the union being
taken over alln > 1 and x1,...,x, € G. Then A is an inverse sem/group
0,(1,-1A) = 1A, s0 6 restrlcted to A defines a partial action 6 of G on A.
Moreover, (A, 6) € pMod(G), E(A) is generated by 1, (x € G) and
H"(G,A) = H"(G, A).
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Inverse partial G-modules

Proposition
Let (A,0) € pMod(G). Define A= JU(1, . .1,,A), the union being
taken over alln > 1 and x1,...,x, € G. Then A is an inverse sem/group

0. (1,-1A) = 1A, s0 60 restrlcted to A defines a partial action 6 of G on A.
Moreover, (A, f) € pMod(G), E(A) is generated by 1, (x € G) and
H(G, A) = H(G, A).

Definition

A partial G-module (A, ) is called inverse
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Inverse partial G-modules

Proposition
Let (A,0) € pMod(G). Define A= JU(1, . .1,,A), the union being
taken over alln > 1 and x1,...,x, € G. Then A is an inverse sem/group

0. (1,-1A) = 1A, s0 60 restrlcted to A defines a partial action 6 of G on A.
Moreover, (A, f) € pMod(G), E(A) is generated by 1, (x € G) and
H(G, A) = H(G, A).

Definition

A partial G-module (A, ) is called inverse if A is inverse
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Inverse partial G-modules

Proposition
Let (A,0) € pMod(G). Define A= JU(1, . .1,,A), the union being
taken over alln > 1 and x1,...,x, € G. Then A is an inverse sem/group

0. (1,-1A) = 1A, s0 60 restrlcted to A defines a partial action 6 of G on A.
Moreover, (A, f) € pMod(G), E(A) is generated by 1, (x € G) and
H(G, A) = H(G, A).

Definition

A partial G-module (A, ) is called inverse if A is inverse and E(A) is
generated by 1, (x € G).
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Inverse partial G-modules

Proposition
Let (A,6) € pMod(G). Define A= JU(1,, .. .1,,A), the union being
taken over alln > 1 and x1,...,x, € G. Then A is an inverse sem/group

0. (1,-1A) = 1A, s0 60 restrlcted to A defines a partial action 6 of G on A.
Moreover, (A, f) € pMod(G), E(A) is generated by 1, (x € G) and
H(G, A) = H(G, A).

Definition

A partial G-module (A, ) is called inverse if A is inverse and E(A) is
generated by 1, (x € G).

The above proposition shows that it is enough to study cohomology with
values in inverse partial G-modules.
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S-modules
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S-modules

@ S is an inverse semigroup.
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modules

@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module
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modules

@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A
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@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S = EndA, s— A,

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 8 /24



@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S — EndA, s— A, and an isomorphism « : E(S) — E(A) satisfying
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@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S — EndA, s— A, and an isomorphism « : E(S) — E(A) satisfying

(i) Xe(a) = a(e)a for all e € E(S) and a € A,
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@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S — EndA, s— A, and an isomorphism « : E(S) — E(A) satisfying

(i) Xe(a) = a(e)a for all e € E(S) and a € A,
(i) As(a(e)) = a(ses™?) for all s € S and e € E(S).
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@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S — EndA, s— A, and an isomorphism « : E(S) — E(A) satisfying

(i) Xe(a) = a(e)a for all e € E(S) and a € A,
(i) As(a(e)) = a(ses™?) for all s € S and e € E(S).

Definition (Lausch, 1975)
A morphism of S-modules ¢ : (A, \, ) = (A, N, )

v
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@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S — EndA, s— A, and an isomorphism « : E(S) — E(A) satisfying

(i) Xe(a) = a(e)a for all e € E(S) and a € A,
(i) As(a(e)) = a(ses™?) for all s € S and e € E(S).

Definition (Lausch, 1975)

A morphism of S-modules ¢ : (A, A\, @) = (A, X, ) is a homomorphism
of semigroups A — A’, such that

v
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@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S — EndA, s— A, and an isomorphism « : E(S) — E(A) satisfying

(i) Xe(a) = a(e)a for all e € E(S) and a € A,
(i) As(a(e)) = a(ses™?) for all s € S and e € E(S).

Definition (Lausch, 1975)

A morphism of S-modules ¢ : (A, A\, @) = (A, X, ) is a homomorphism
of semigroups A — A’, such that
(i) poa=a on E(S);

v
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@ S is an inverse semigroup.

Definition (Lausch, 1975)

An S-module is a semilattice of abelian groups A with a homomorphism
A:S — EndA, s— A, and an isomorphism « : E(S) — E(A) satisfying

(i) Xe(a) = a(e)a for all e € E(S) and a € A,
(i) As(a(e)) = a(ses™?) for all s € S and e € E(S).

Definition (Lausch, 1975)
A morphism of S-modules ¢ : (A, A\, @) = (A, X, ) is a homomorphism
of semigroups A — A’, such that

(i) poa=a on E(S);

(i) poAds=A.opon AforallseS.
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Cohomology of S

Proposition (Lausch, 1975)

The category Mod(S) of S-modules is abelian
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Cohomology of S

Proposition (Lausch, 1975)
The category Mod(S) of S-modules is abelian and has enough projectives.

Definition (Lausch, 1975)

The trivial S-module is the semilattice Zgs of the copies
(Zs)e = {ne | n € Z} of Z with A\s(ne) = nges—1 and a(e) = 0. (e € E(S),
sebs).
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Cohomology of S

Proposition (Lausch, 1975)
The category Mod(S) of S-modules is abelian and has enough projectives.

Definition (Lausch, 1975)

The trivial S-module is the semilattice Zgs of the copies

(Zs)e = {ne | n € Z} of Z with A\s(ne) = nges—1 and a(e) = 0. (e € E(S),
sebs).

Definition (Lausch, 1975)
The n-th cohomology group HZ(A) of S with values in A € Mod(S)
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Cohomology of S

Proposition (Lausch, 1975)

The category Mod(S) of S-modules is abelian and has enough projectives.

Definition (Lausch, 1975)

The trivial S-module is the semilattice Zgs of the copies
(Zs)e = {ne | n € Z} of Z with A\s(ne) = nges—1 and a(e) = 0. (e € E(S),
sebs).

Definition (Lausch, 1975)

The n-th cohomology group HZ(A) of S with values in A € Mod(S) is
R"Hom(—, A) applied to Zs.
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Partial homomorphisms

@ G is a group;

@ S is a monoid.

Definition (Exel, 1998)

Amap Tl : G — Sis called a partial homomorphism if [(1g) = 15 and for
all x,y € G:
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Partial homomorphisms

@ G is a group;

@ S is a monoid.

Definition (Exel, 1998)

Amap Tl : G — Sis called a partial homomorphism if [(1g) = 15 and for
all x,y € G:

(i) TOHIEAN(y) = MM (xy):
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Partial homomorphisms

@ G is a group;

@ S is a monoid.

Definition (Exel, 1998)

Amap Tl : G — Sis called a partial homomorphism if [(1g) = 15 and for
all x,y € G:

(i) Tx"HIr(x)(y) = )
(il) FEATM(y™) = Txy)F(y1).
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Partial homomorphisms

@ G is a group;

@ S is a monoid.

Definition (Exel, 1998)
Amap Tl : G — Sis called a partial homomorphism if [(1g) = 15 and for
all x,y € G:
(i) T YN (y) = Fx M (xy);i
(i) FGIT)M(y=Y) =Ty ).

It follows that [(x)[(x~!) is an idempotent, which will be denoted by e,.
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Admissible partial homomorphisms

Definition

A partial homomorphism ' : G — S is called admissible if
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A partial homomorphism ' : G — S is called admissible if

(i) (F(6)) = S;
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Admissible partial homomorphisms

Definition

A partial homomorphism ' : G — S is called admissible if

(i) (F(6)) = S;

(i) there exists a homomorphism 7 : S — G such that nol = idg.

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 11 /24



Admissible partial homomorphisms

Definition

A partial homomorphism ' : G — S is called admissible if

(i) (F(6)) = S;

(i) there exists a homomorphism 7 : S — G such that nol = idg.

If such a partial homomorphism I' : G — S exists, then property (i)
guarantees that S is inverse.
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e (A, 0) is a partial G-module;
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).

Definition (Dokuchaev-Exel-Simén, 2008)

The crossed product of A by G with twisting f
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The crossed products by partial actions
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Definition (Dokuchaev-Exel-Simén, 2008)
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).

Definition (Dokuchaev-Exel-Simén, 2008)

The crossed product of A by G with twisting f is the set Ax*g ¢ G of ady,
where x € G, a € 1,A
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).

Definition (Dokuchaev-Exel-Simén, 2008)

The crossed product of A by G with twisting f is the set Ax*g ¢ G of ady,
where x € G, a € 1,A and dx is a symbol.
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).

Definition (Dokuchaev-Exel-Simén, 2008)

The crossed product of A by G with twisting f is the set Ax*g ¢ G of ady,
where x € G, a € 1,A and d, is a symbol. It is a semigroup under
multiplication ady - bd, = ab(1,-1b)f(x, y)dxy .
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).

Definition (Dokuchaev-Exel-Simén, 2008)

The crossed product of A by G with twisting f is the set Ax*g ¢ G of ady,
where x € G, a € 1,A and d, is a symbol. It is a semigroup under
multiplication ady - bd, = ab(1,-1b)f(x, y)dxy .

If (A, ) is inverse, then Axg ¢ G is inverse.
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).

Definition (Dokuchaev-Exel-Simén, 2008)

The crossed product of A by G with twisting f is the set Ax*g ¢ G of ady,
where x € G, a € 1,A and d, is a symbol. It is a semigroup under
multiplication ady - bd, = ab(1,-1b)f(x, y)dxy .

If (A, ) is inverse, then Axg ¢ G is inverse.

If f is trivial, then the notation A xg ¢ G is reduced to Ay G.
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The crossed products by partial actions

e (A, 0) is a partial G-module;
o f e Z2(G,A).

Definition (Dokuchaev-Exel-Simén, 2008)

The crossed product of A by G with twisting f is the set Ax*g ¢ G of ady,
where x € G, a € 1,A and d, is a symbol. It is a semigroup under
multiplication ady - bd, = ab(1,-1b)f(x, y)dxy .

If (A, ) is inverse, then Axg ¢ G is inverse.

If f is trivial, then the notation A xg ¢ G is reduced to Ay G.
The map x — 1,04 is an admissible partial homomorphism
MG — E(A) %9 G = S? associated with (A, ).
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From inverse partial G-modules to S-modules
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e (A, 0) is an inverse partial G-module.
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

There exist an inverse monoid S,
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

There exist an inverse monoid S, an admissible partial homomorphism
r-¢é—S
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;
(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;
(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.
Conversely, given an admissible partial homomorphism T : G — S

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 13 /24



From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;
(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.

Conversely, given an admissible partial homomorphism I : G — S and an
S-module (A, X, a),
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

Proposition

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;
(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.

Conversely, given an admissible partial homomorphism I : G — S and an
S-module (A, \, &), equalities (i)—-(ii) endow A with an inverse partial
G-module structure.
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

Proposition

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;
(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.

Conversely, given an admissible partial homomorphism I : G — S and an
S-module (A, \, &), equalities (i)—-(ii) endow A with an inverse partial
G-module structure.

A standard way to choose I and hence (A, \, a):
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

Proposition

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;
(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.

Conversely, given an admissible partial homomorphism I : G — S and an
S-module (A, \, &), equalities (i)—-(ii) endow A with an inverse partial
G-module structure.

A standard way to choose I and hence (A, \,a): set S = S% and I =T7.
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

Proposition
There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;

(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.
Conversely, given an admissible partial homomorphism I : G — S and an
S-module (A, \, &), equalities (i)—-(ii) endow A with an inverse partial
G-module structure. )

A standard way to choose I and hence (A, \,a): set S = S% and I =T7.
Then a?(1 ... 1,,01) = 1 ... 1y,
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From inverse partial G-modules to S-modules

e (A, 0) is an inverse partial G-module.

Proposition

There exist an inverse monoid S, an admissible partial homomorphism
[: G — S and a unique S-module structure (A, o) on A satisfying

(i) 1« = afex) for all x € G;

(i) 0x(a) = Ar(x(a) forall x € G and a € 1,1 A.
Conversely, given an admissible partial homomorphism I : G — S and an
S-module (A, \, &), equalities (i)—-(ii) endow A with an inverse partial
G-module structure.

A standard way to choose I and hence (A, \,a): set S = S% and I =T7.
Then (1, ...14,01) = 1, ... 1, and
)\il._'lmlyay(a) =1y ... 14,0,(1,-1a).
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Partial cohomology of groups as cohomology of inverse

semigroups
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Partial cohomology of groups as cohomology of inverse
semigroups

For any admissible partial homomorphism I : G — S
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Partial cohomology of groups as cohomology of inverse
semigroups

For any admissible partial homomorphism I : G — S and A € Mod(S)
inducing (A, 0) we have
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Partial cohomology of groups as cohomology of inverse
semigroups

For any admissible partial homomorphism I : G — S and A € Mod(S)
inducing (A, 0) we have H"(G, A) = HZ(A) for arbitrary n > 0.
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Extensions of A by S

@ S is an inverse semigroup;
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S is an inverse semigroup U
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S is an inverse semigroup U with a monomorphism
i:A—=U
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S is an inverse semigroup U with a monomorphism
i : A— U and an idempotent-separating epimorphism j : U — S, such
that
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S is an inverse semigroup U with a monomorphism
i : A— U and an idempotent-separating epimorphism j : U — S, such
that i(A) ={u e U | j(u) € E(S)}.
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S is an inverse semigroup U with a monomorphism
i : A— U and an idempotent-separating epimorphism j : U — S, such
that i(A) ={u e U | j(u) € E(S)}.

Definition (Lausch, 1975)

Two extensions U and U’ of A by S are called equivalent
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Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S is an inverse semigroup U with a monomorphism
i : A— U and an idempotent-separating epimorphism j : U — S, such
that i(A) ={u e U | j(u) € E(S)}.

Definition (Lausch, 1975)

Two extensions U and U’ of A by S are called equivalent if there is a
homomorphism  : U — U’ such that

v

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 15 / 24



Extensions of A by S

@ S is an inverse semigroup;
@ A is a semilattice of abelian groups.

Definition (Lausch, 1975)

An extension of A by S is an inverse semigroup U with a monomorphism
i : A— U and an idempotent-separating epimorphism j : U — S, such
that i(A) ={u e U | j(u) € E(S)}.

Definition (Lausch, 1975)

Two extensions U and U’ of A by S are called equivalent if there is a
homomorphism i U — U’ such that the following diagram commutes:

A—>U—>S

|, 1y |

Al ds

v
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Crossed products by partial actions as Lausch's extensions
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Crossed products by partial actions as Lausch's extensions

@ (A, 0) is an inverse partial G-module;
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Crossed products by partial actions as Lausch's extensions

@ (A, 0) is an inverse partial G-module;
o f €Z%G,A);
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Crossed products by partial actions as Lausch's extensions

@ (A, 0) is an inverse partial G-module;

o f €Z%G,A);

e [:G— S and (A A «) are an admissible partial homomorphism and
an S-module inducing (A, 6).
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Crossed products by partial actions as Lausch's extensions

@ (A, 0) is an inverse partial G-module;

o f €Z%G,A);

e [:G— S and (A A «) are an admissible partial homomorphism and
an S-module inducing (A, 6).

Proposition

The crossed product A xg ¢ G is an extension of A by S,
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Crossed products by partial actions as Lausch's extensions

@ (A, 0) is an inverse partial G-module;

o f €Z%G,A);

e [:G— S and (A A «) are an admissible partial homomorphism and
an S-module inducing (A, 6).

Proposition

The crossed product A xg ¢ G is an extension of A by S, where
i:A— Axgr G isgiven by ar af(1,1)714;

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 16 / 24



Crossed products by partial actions as Lausch's extensions

@ (A, 0) is an inverse partial G-module;

o f €Z%G,A);

e [:G— S and (A A «) are an admissible partial homomorphism and
an S-module inducing (A, 6).

Proposition

The crossed product A xg ¢ G is an extension of A by S, where
i:A— Axgr G isgiven by arr af(1,1)7101 and j: Axgr G — S is
defined by adx — a~1(aa1)l(x).
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Extensions of A by G
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Extensions of A by G

e G is a group;
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Extensions of A by G

e G is a group;

@ Ais a commutative inverse monoid (a semilattice of abelian groups
with identity).
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Extensions of A by G

e G is a group;

@ Ais a commutative inverse monoid (a semilattice of abelian groups
with identity).

Definition
An extension of A by G
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Extensions of A by G

e G is a group;

@ Ais a commutative inverse monoid (a semilattice of abelian groups
with identity).

Definition

An extension of A by G is a pair
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Extensions of A by G

e G is a group;

@ Ais a commutative inverse monoid (a semilattice of abelian groups
with identity).

Definition

An extension of A by G is a pair consisting of an admissible partial
homomorphism I : G — S
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Extensions of A by G

e G is a group;
@ Ais a commutative inverse monoid (a semilattice of abelian groups
with identity).

Definition

An extension of A by G is a pair consisting of an admissible partial
homomorphism ' : G — S and an extension (in the sense of Lausch) of A
by S.
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Extensions of A by G
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Extensions of A by G

37

Two extensions T : G — S, A U Sand: G—>5’,A1>U'J—>5’
of A by G are called equivalent
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Extensions of A by G

Two extensions T : G — S, A U2 Sandr: G—>5’,A1>U'i>5’
of A by G are called equivalent if there are isomorphisms p : U — U’
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Extensions of A by G

Definition

Two extensions T : G — S, A U2 Sandr: G—>5’,A1>U'i>5’
of A by G are called equivalent if there are isomorphisms p : U — U’ and
v:S — S such that
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Extensions of A by G

Two extensions T : G — S, A U2 Sandr: G—>5’,A1>U'J—>5’
of A by G are called equivalent if there are isomorphisms p : U — U’ and
v: S — S such that the following diagrams commute:

G _r, S A—— U 4, S
\ JV Ju JV
r i’ J

s’ A— U — 8
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From extensions of A by G to partial G-modules
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From extensions of A by G to partial G-modules

Proposition

Any extension of A by G induces a structure of inverse partial G-module
on A.
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From extensions of A by G to partial G-modules

Proposition

Any extension of A by G induces a structure of inverse partial G-module
on A. Moreover, equivalent extensions induce identical modules.
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From extensions of A by G to partial G-modules

Proposition

Any extension of A by G induces a structure of inverse partial G-module
on A. Moreover, equivalent extensions induce identical modules.

Proposition

Let T : G—>S,A—i> U s S be an extension of A by G
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From extensions of A by G to partial G-modules

Proposition

Any extension of A by G induces a structure of inverse partial G-module
on A. Moreover, equivalent extensions induce identical modules.

Proposition

LetT : G — S, Aty U2y S be an extension of A by G and 0 the
corresponding partial action of G on A.
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From extensions of A by G to partial G-modules

Proposition

Any extension of A by G induces a structure of inverse partial G-module
on A. Moreover, equivalent extensions induce identical modules.

Proposition

LetT : G — S, Aty U2y S be an extension of A by G and 0 the
corresponding partial action of G on A. Then there is an equivalent

extension of the form T? : G — SY, A —'> U j—/> S,
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Extensions of (A,0) by G
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Extensions of (A,0) by G

e (A, 0) is an inverse partial G-module.
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Extensions of (A,0) by G

e (A, 0) is an inverse partial G-module.

Definition

An extension of (A,0) by G
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Extensions of (A,0) by G

e (A, 0) is an inverse partial G-module.

Definition

An extension of (A,0) by G is an extension : G — S, A UL SofA
by G such that
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Extensions of (A,0) by G

e (A, 0) is an inverse partial G-module.

Definition

An extension of (A,0) by G is an extension : G — S, A UL SofA
by G such that [ =T
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Extensions of (A,0) by G

e (A, 0) is an inverse partial G-module.

Definition

An extension of (A,0) by G is an extension : G — S, A UL SofA
by G such that I = TI"? and the corresponding partial G-module is (A, 6).
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Extensions of (A,0) by G

e (A, 0) is an inverse partial G-module.

An extension of (A,0) by G is an extension : G — S, A UL SofA
by G such that I = TI"? and the corresponding partial G-module is (A, 6).

Corollary

Equivalence classes of extensions of (A,0) by G are in a one-to-one
correspondence with elements of H*(G, A).
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Extensions of (A,0) by G

e (A, 0) is an inverse partial G-module.

An extension of (A,0) by G is an extension : G — S, A UL SofA
by G such that I = TI"? and the corresponding partial G-module is (A, 6).

Corollary

Equivalence classes of extensions of (A,0) by G are in a one-to-one
correspondence with elements of H*(G, A).

Any extension of (A,8) by G is equivalent to Axg ¢ G for some (unique up
to a coboundary) f € Z?(G, A).
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Split extensions of (A, 6) by G
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Split extensions of (A, 6) by G

@ (A, 0) is an inverse partial G-module.
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Split extensions of (A, 6) by G

@ (A, 0) is an inverse partial G-module.

Definition

An extension A 3 U 2 S of (A, 0) by G is said to split
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Split extensions of (A, 6) by G

@ (A, 0) is an inverse partial G-module.

Definition

An extension A 3 U 2 S of (A, 0) by G is said to split if there is a
homomorphism k : S — U (called a splitting) such that
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Split extensions of (A, 6) by G

@ (A, 0) is an inverse partial G-module.

Definition

An extension A 3 U 2 S of (A, 0) by G is said to split if there is a
homomorphism k : S — U (called a splitting) such that j o k = ids.
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Split extensions of (A, 6) by G

@ (A, 0) is an inverse partial G-module.

Definition

An extension A 3 U 2 S of (A, 0) by G is said to split if there is a
homomorphism k : S — U (called a splitting) such that j o k = ids.

Proposition
An extension of (A,0) by G splits
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Split extensions of (A, 6) by G

@ (A, 0) is an inverse partial G-module.

Definition

An extension A 3 U 2 S of (A, 0) by G is said to split if there is a
homomorphism k : S — U (called a splitting) such that j o k = ids.

Proposition

An extension of (A,8) by G splits if and only if it is equivalent to Axy G.
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The splittings of extensions of (A,0) by G
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The splittings of extensions of (A,0) by G

The splittings of the extension A xg G are in a one-to-one correspondence
with the elements of Z*(G, A).
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The splittings of extensions of (A,0) by G

Lemma

The splittings of the extension A xg G are in a one-to-one correspondence
with the elements of Z*(G, A).

v

Two splittings k1 and ky of a split extension A UL sof (A, 0) by G
are said to be A-conjugate
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The splittings of extensions of (A,0) by G

Lemma

The splittings of the extension A xg G are in a one-to-one correspondence
with the elements of Z*(G, A).

v

Two splittings k1 and ky of a split extension A UL sof (A, 0) by G
are said to be A-conjugate if there is a € A such that
ki(s) = i(a)ka(s)i(a)~* for all s € S.

M. Dokuchaev and M. Khrypchenko (USP) Extensions arising from partial actions PARS 2014 22 /24



The splittings of extensions of (A,0) by G

Lemma

The splittings of the extension A xg G are in a one-to-one correspondence
with the elements of Z*(G, A).

Two splittings k1 and ky of a split extension A UL sof (A, 0) by G
are said to be A-conjugate if there is a € A such that
ki(s) = i(a)ka(s)i(a)~* for all s € S.

\

Theorem
There is a one-to-one correspondence between A-conjugacy classes of
splittings of Axg G and elements of H1(G, A).

\
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